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In Pb-Pb collisions at
√
sNN = 2.76 TeV, we report on a geometrical scaling in the transverse
momentum (pT) spectra of inclusive charged hadrons at 0-5%, 5-10%, 10-20%, 20-30%, 30-40%,
40-50%, 50-60%, 60-70% and 70-80% centralities. This geometrical scaling is exhibited when these
spectra are expressed in terms of a new scaling variable, p′T = pT(191.5/NA)
1/(3λ+6), where NA is the
number of participating nucleon pairs, λ is the scaling parameter. With the method of ratios, this
scaling parameter is determined to be 1.68. We then use a single Tsallis distribution to parameterize
the spectra at different centralities, and find that the Tsallis temperature T is proportional to
N
1/(3λ+6)
A , which is exactly the prediction of the geometrical scaling. The geometrical scaling also
predicts that the charged-particle density per participating nucleon pair ((dNch/dη)/NA) grows as
a power of NA, N
2/(3λ+6)
A , which is confirmed by the data collected by the ALICE collaboration.
I. INTRODUCTION
Geometrical scaling is a phenomenon predicted by the
gluon saturation in hadronic interactions [1–3]. It was
first observed when the total γ∗p cross sections in deep
inelastic scattering (DIS) at small x were expressed in
terms of the variable τ = Q2R20(x), where −Q2 is the
photon virtuality, x is the Bjorken variable and R0(x) is
the saturation radius [4]. Similar geometrical scaling was
found in DIS on nucleus [5, 6] and diffractive processes
[7]. In recent years, geometrical scaling was presented in
the pT spectra of inclusive and identified charged hadrons
in proton-proton (pp) collisions at
√
s = 0.9, 2.76 and 7
TeV [8–10].
As nuclei are made of nucleons, it is nature to extend
geometrical scaling to the inclusive charged hadron pro-
duction in nucleus-nucleus (AA) collisions at RHIC and
LHC energies [11, 12]. In [11], the authors showed when
the multiplicity distributions in the central Au-Au and
Cu-Cu collisions at
√
sNN = 62.4 and 200 GeV were plot-
ted as a function of τ = 1
A1/3
p2T
Q2
0
(pTW )
λ, where A is number
of nucleons in the nuclei, Q0 = 1 GeV,W =
√
sNN×10−3,
λ = 0.30, a tendency towards geometrical scaling was
clearly seen, although the alignment of Au and Cu spec-
tra was not perfect for small and medium values of τ .
Reference [12] illustrated that when the pT spectra in Pb-
Pb 0-5%, 5-10% and 40-50% collisions at
√
sNN = 2.76
TeV were expressed in the variable τ = p2T/Q
2
s, where
Q2s = Q
2
0(
W
pT
)λN−0.21A A
1/2 is the saturation scale and
λ = 0.27, the data points in the 0-5% and 5-10% cen-
tralities fell into the same line for τ < 1, while the data
points in the 40-50% centrality presented some departure.
In this paper, we will analyze the data points at 0-5%,
5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-
70% and 70-80% centralities in Pb-Pb collisions at 2.76
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TeV. We find that the inclusive charged hadron pT spec-
tra at these centralities exhibit geometrical scaling when
they are presented in terms of a new scaling variable p′T.
Here p′T is defined as p
′
T = pT(191.5/NA)
1/(3λ+6), λ is the
scaling parameter which is determined by the method of
ratios [9]. We then use a single Tsallis distribution to
parameterize the pT spectra at different centralities, and
discuss the consequences of the geometrical scaling.
This paper is organized as follows. In section II, we will
illustrate how the new scaling variable p′T is proposed in
terms of the gluon saturation. In section III, we will
show how the scaling parameter λ in p′T is determined
and then present the geometrical scaling in the inclusive
charged hadron pT spectra. In section IV, we will use the
single Tsallis distribution to parameterize the spectra at
different centralities and discuss the consequences of the
geometrical scaling. Finally, the conclusion is made in
section V.
II. SCALING VARIABLE p′T
Geometrical scaling is a property of particle densities
at high energies. It is based on the underlying mech-
anism which is called the gluon saturation [1–3]. The
geometrical scaling means that the particle spectra are
in fact a dimensionless function of the scaling variable
p2T/Q
2
s(x), rather than independently of x and pT. Here
pT is the transverse momentum of an observed particle in
high energy collisions, Q2s(x) = Q
2
0(x0/x)
λ is the satura-
tion momentum, x = (pT/
√
s)exp(±y), x0 = 10−3. For
example, in pp collisions at
√
s = 0.9, 2.76 and 7 TeV
[9], the inclusive charged hadron pT spectra measured at
different energies in the central region depend on a sin-
gle variable, τ = p2T/(Q
p
s)
2. Here (Qps)
2 is the proton
saturation momentum scale and is given by
(Qps)
2 = Q20(
W
pT
)λ, (1)
2whereW =
√
s×10−3, Q0 = 1 GeV and λ = 0.24. In AA
collisions, in order to consider the geometrical scaling in
the pT spectra with different centralities, the saturation
momentum is modified as [13]
(QAs )
2 = (Qps)
2N
1/3
A . (2)
As a result, the corresponding scaling variable for Pb-Pb
collisions is
τA =
p2T
N
1/3
A
(
pT
W
)λ. (3)
When the pT spectra of charged hadrons at different
centralities in Pb-Pb collisions at 2.76 TeV are plotted
in terms of τA, they will migrate into a universal curve
F (τA),
Nch(pT, NA) = F (τA), (4)
where Nch(pT, NA) =
1
NA
d2Nch
2pipTdpTdη
. Here, the transverse
areas of the two colliding nuclei for different centralities
are deemed to be proportional to NA, rather than to
N
2/3
A [13]. This is due to the fact that when considering
the effect of running coupling α(s) the transverse areas
prefer a linear dependence on NA [14]. For simplicity,
Nch(pT, NA) will be referred as the pT spectrum at NA
in the following. If the pT spectra at NA and N
′
A are
equal, Nch(pT, NA) = Nch(p
′
T, N
′
A), then they are the
distributions of the same τA. Thus,
p2T
N
1/3
A Q
2
0
(
pT
W
)λ =
p′ 2T
(N ′A)
1/3Q20
(
p′T
W
)λ, (5)
which implies
p′T = pT(
N ′A
NA
)1/(3λ+6). (6)
This formula allows us to rescale the pT spectrum at NA
to N ′A. As a convention, we choose the pT spectrum at
the first centrality class (0-5%, N ′A = 191.5) as a refer-
ence and try to rescale the pT spectra at the other 8 cen-
trality classes (5-10%, 10-20%, 20-30%, 30-40%, 40-50%,
50-60%, 60-70% and 70-80%) to this reference. There-
fore, p′T = pT(191.5/NA)
1/(3λ+6). This p′T is exactly the
scaling variable we propose in this paper. Apparently, for
the spectrum at NA, the corresponding p
′
T only depends
on the scaling parameter λ, while τA in Eq. (3) relies on
Q0, W and λ. Thus p
′
T is a more appropriate variable in
searching for the geometrical scaling of the pT spectra at
different centralities in Pb-Pb collisions.
III. GEOMETRICAL SCALING IN THE
INCLUSIVE CHARGED HADRON pT SPECTRA
The pT spectra of inclusive charged hadron at different
centralities in Pb-Pb collisions at 2.76 TeV were pub-
lished by the ALICE collaboration [15]. These spectra
will exhibit geometrical scaling when they are presented
in terms of p′T with a suitable scaling parameter λ. In
order to estimate this parameter, we adopt the method
of ratios [9]. In this method, a ration is defined in terms
of p′T,
R(p′T) =
Nch(p
′
T, NA)
Nch(p′T, N
′
A)
, (7)
where Nch(p
′
T, NA) is the pT spectrum rescaled from NA
to N ′A, Nch(p
′
T , N
′
A) is the pT spectrum at N
′
A. Since
there are no data points at p′T = pT(191.5/NA)
1/(3λ+6)
on the pT spectrum of N
′
A, in order to calculate the ratio
R(p′T), we need to interpolate the values at these points.
As the spectrum at N ′A lies on a curve as a function
of pT, we do a shape-preserving piecewise cubic inter-
polation. In section II, we have chosen N ′A = 191.5 for
the 0-5% centrality and NA = 165, 130.5, 93, 64.5, 42.5,
26.5, 15 and 7.9 for the 5-10%, 10-20%, 20-30%, 30-40%,
40-50%, 50-60%, 60-70% and 70-80% centralities respec-
tively. Thus there are 8 such ratios. If the geometrical
scaling is true, then R should be equal to 1. However, in
practice, R is around 1 in a certain p′T range. In order to
determine the best value of λ, we define the mean square
deviation between R and 1 as follows [9],
δ2(λ) =
1
n(λ)
(p′T)max∑
(p′
T
)i=(p′T)min
(R(λ, (p′T)i)− 1)2
∆2R(λ, (p′T)i)
, (8)
where n(λ) is the number of data points in the re-
gion (p′T)min ≤ p′T ≤ (p′T)max, ∆R is the experimen-
tal uncertainty of the ratio R. Here we have ignored
the interpolation error and the theoretical uncertainty
of geometrical scaling hypothesis [16], as they are small
(less than 2% and around 3% respectively) when com-
pared to the experimental errors (8-20%) in the region
where the geometrical scaling holds. (p′T)min ((pT)min)
is the p′T (pT) of the first data point where the geo-
metrical scaling starts to appear. It is determined by∣∣R((p′T)min) − 1∣∣ ≤ ∆R((p′T)min). When p′T > (p′T)min,
the absolute difference between R and 1 is either within
∆R or above ∆R. (p′T)max ((pT)max) is the p
′
T (pT) of
the last data point where the geometrical scaling holds
up. It is determined by δ2(λ) < 1. For data points with
p′T > (p
′
T)max, the geometrical scaling is violated. Thus
the number of data points which exhibit geometrical scal-
ing is exactly n(λ) introduced in Eq. (8).
Obviously, n(λ) depends on NA. Fig. 1 shows n(λ) as
a function of λ for different centralities. The best value
of λ is determined to be the one which maximizes the
sum of n(λ) at 5-10%, 10-20%, 20-30%, 30-40%, 40-50%,
50-60%, 60-70% and 70-80% centralities. There are five
such values, λ = 1.58, 1.59, 1.60, 1.61 and 1.68. However,
only λ = 1.68 is chosen to be the best scaling parameter,
as it gives the smallest δ2(λ), which means the deviation
of the ratios in Eq. (7) from unity is the minimum. This
λ value is larger than the scaling parameter (λ = 0.24)
utilized in the geometrical scaling of the inclusive charged
hadron pT spectra in pp collisions at 0.9, 2.76 and 7 TeV
3[9]. However, it is interesting to see that the effective
scaling parameter λeff = 1/(3λ + 6) (0.091) in Pb-Pb
collisions is very close to λeff = λ/(λ + 2) (0.108) in pp
collisions.
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FIG. 1. The number of data points which exhibit geometrical
scaling as a function of λ in the inclusive charged hadron pT
spectra at Pb-Pb 5-10%, 10-20%, 20-30%, 30-40%, 40-50%,
50-60%, 60-70% and 70-80% collisions.
Now since λ = 1.68, we can figure out N , n(λ), ns,
(pT)min, (pT)max, (p
′
T)min and (p
′
T)max for the 5-10%, 10-
20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70% and 70-
80% centralities. They are tabulated in Table I. Here, for
each centrality, N is the total number of data points, ns is
the position number of the first data point which exhibits
geometrical scaling. With ns and n(λ), we can determine
(pT)min and (pT)max, and the corresponding (p
′
T)min and
(p′T)max. From this table, we observe that the number
of data points which present geometrical scaling increase
with centrality. For the 5-10% centrality class, all the
data points show geometrical scaling, while for the 70-
80% centrality class, only 18 out of 61 data points exhibit
geometrical scaling. As a consequence, the corresponding
interval of p′T for geometrical scaling also increase with
centrality.
In order to see this geometrical scaling, we plot the
TABLE I. The quantities N , n(λ), ns, (pT)min, (pT)max,
(p′T)min and (p
′
T)max for the 5-10%, 10-20%, 20-30%, 30-40%,
40-50%, 50-60%, 60-70% and 70-80% centralities. The units
for (pT)min, (pT)max, (p
′
T)min and (p
′
T)max are GeV/c.
Centrality N n(λ) ns (pT)min (pT)max (p
′
T)min (p
′
T)max
5-10% 65 65 1 0.175 47.5 0.177 48.145
10-20% 65 34 1 0.175 3.3 0.181 3.417
20-30% 65 29 1 0.175 2.3 0.187 2.455
30-40% 65 22 6 0.425 1.95 0.469 2.152
40-50% 65 21 5 0.375 1.75 0.430 2.006
50-60% 65 20 4 0.325 1.55 0.389 1.854
60-70% 65 20 3 0.275 1.45 0.346 1.826
70-80% 61 18 4 0.325 1.35 0.434 1.802
inclusive charged hadron pT spectra at Pb-Pb 0-5%, 5-
10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70%
and 70-80% collisions as a function of p′T in the upper
panel of Fig. 2. Here we only show the pT spectra up to
p′T ≈ 1.8 GeV/c, as above this threshold the data points
in the 70-80% centrality start to break the geometrical
scaling. In log scale, we see that all the data points at dif-
ferent centralities approximately fall into the same curve
with p′T < 1.8 GeV/c. To see how well the spectrum in
the 0-5% centrality agrees with the spectra at the 5-10%,
10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70% and
70-80% centralities, we plot the distribution of R defined
in Eq. (7) in the lower panel of Fig. 2. It is obvious that
the R values of the data points with p′T < 1.8 GeV/c
are in the range between 0.8 and 1.2, which implies the
geometrical scaling is true within an accuracy of 20%.
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FIG. 2. Upper panel: inclusive charged hadron pT spectra
at Pb-Pb 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-
60%, 60-70% and 70-80% collisions as a function of p′T. Lower
panel: the R distributions at these centralities as a function
of p′T. The data points are taken from Ref. [15].
As described in [12], when presented in terms of τ =
p2T
Q2
0
(pTW )
λN0.21A A
−1/2, the inclusive charged hadron pT
spectra at Pb-Pb 0-5% and 5-10% collisions exhibited
geometrical scaling, while the spectra at Pb-Pb 40-50%
collisions showed some departure. Now we would like
to explore the difference between the geometrical scal-
ing presented in p′T and τ . The upper panel of Fig. 3
shows the inclusive charged hadron pT spectra at Pb-Pb
0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%,
60-70% and 70-80% collisions as a function of τ . Here the
λ in τ is taken to be 0.27 [12]. In order to keep the corre-
sponding pT interval identical with that in Fig. 2, we only
plot the spectra up to τ ≈ 0.163. As can be seen from
the R distributions in the lower panel of Fig. 3, only the
spectra at 0-5%, 5-10% and 10-20% centralities show ge-
ometrical scaling whose accuracy is comparable with the
one presented in p′T. Here R is similar to the definition
of Eq. (7), R(τ) = Nch(τ,NA)/Nch(τ,N
′
A). The spectra
at 20-30%, 30-40%, 40-50%, 50-60%, 60-70% and 70-80%
4centralities show geometrical scaling violation, as most
of the data points have R values below 0.8. Moreover,
with the decrease of centrality, the degree of violation
increases. Thus, when compared with τ , the p′T scaling
variable leads to a better geometrical scaling in the in-
clusive charged hadron pT spectra at different centralities
in Pb-Pb collisions at 2.76 TeV. This is due to the dif-
ferent dependence of the saturation scale on NA. In Ref.
[12], the saturation scale decreases with NA, while in this
work, it increases with NA.
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FIG. 3. Upper panel: inclusive charged hadron pT spectra
at Pb-Pb 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-
60%, 60-70% and 70-80% collisions as a function of τ . Lower
panel: the R distributions at these centralities as a function
of τ . The data points are taken from Ref. [15].
IV. TSALLIS PARAMETERIZATION AND
CONSEQUENCES OF GEOMETRICAL SCALING
In pp collisions, the pT spectrum of inclusive charged
hadrons is well described by the single Tsallis distribution
[17, 18],
1
NA
d2Nch
2pipTdpTdη
=
C
NA
dNch
2pidη
(1 +
pT
nT
)−n, (9)
where the exponent n and the temperature T are fit pa-
rameters, C = (n− 1)(n− 2)/(nT )2, NA = 1. In Pb-Pb
collisions, the whole inclusive charged hadron pT spec-
trum can not be reasonably parameterized by the single
Tsallis distribution [19]. In order to do this parameter-
ization, we have to make some pT cut on the spectra.
Here, we take the cut as pT ≤ 2.1 GeV/c. This is the
maximum range where the single Tsallis fit can be done
well for the spectrum at 0-5% centrality. Table II tabu-
lates the fit parameters C′, n, T and χ2s divided by the
number of degrees of freedom (dof) for each centrality.
Here C′ = CNA
dNch
2pidη . The quality of the Tsallis fits on the
spectra at all centralities is quite good, which can be seen
from the χ2/dof in last column of the table. Therefore,
manipulating the cut value is not necessary, although the
fit parameters depend on this cut.
Now we would like to discuss the consequences of the
geometrical scaling on the pT spectra at different central-
ities. In the small pT region, the Tsallis distribution in
Eq. (9) tends to the exponential distribution [9]
1
NA
d2Nch
2pipTdpTdη
⋍
1
NA
dNch
2pidη
1
T 2
exp(−pT/T ). (10)
If we replace pT with pT = p
′
T(NA/191.5)
1/(3λ+6), then
1
NA
d2Nch
2pipTdpTdη
⋍ b× k2exp(−kp′T), (11)
where k = 1T (
NA
191.5 )
1/(3λ+6), b =
∫
F (p′T)p
′
Tdp
′
T. Here
F (p′T) is the universal scaling function prensented in p
′
T.
Obviously, in the region with p′T ≤ 1.8 GeV/c, b is a
constant which does not depend on centrality. In order to
make Eq. (11) exhibit geometrical scaling, k should also
be a constant. This means that T should be proportional
to (NA/191.5)
1/(3λ+6). The proportionality constant is
taken to be the mean value of 1/k at each centrality,
0.214±0.003. Therefore, the geometrical scaling predicts
that the dependence of T on NA is
T = 0.214(
NA
191.5
)1/(3λ+6). (12)
We plot T vs NA in Fig. 4. The T values returned from
the fits on the pT spectra are shown as empty squares.
Also shown on the plot is the prediction from Eq. (12).
Here we have considered the uncertainty of 1/k, and the
prediction is shown as a curve band. In general, the
empty squares and the curve band agree within uncer-
tainties.
The geometrical scaling in Eq. (11) could extend to the
full pT range where the Tsallis fits are done if the expo-
nents n were constant. However, as can be seen from the
third column of Table II, with the decrease of centrality,
n decreases, which means that the pT spectrum becomes
harder and harder. This will lead to the violation of ge-
ometrical scaling in the high pT region of the spectra. It
is believed that the violation of the geometrical scaling is
due to the jet quenching effect in the heavy-ion collisions
[12].
TABLE II. The fit parameters C′, n, T and χ2/dof for each
centrality. The pT range of the fits is pT ≤ 2.1 GeV/c.
Centrality C′ n T (GeV/c) χ2/dof
0-5% 21.287±0.501 8.746±0.236 0.207±0.003 0.049
5-10% 19.948±0.481 8.627±0.235 0.207±0.003 0.050
10-20% 19.040±0.475 8.477±0.234 0.205±0.003 0.055
20-30% 18.398±0.471 8.317±0.228 0.201±0.003 0.056
30-40% 17.904±0.467 8.222±0.219 0.196±0.003 0.055
40-50% 17.817±0.445 8.077±0.195 0.189±0.003 0.049
50-60% 17.759±0.414 7.875±0.164 0.180±0.003 0.040
60-70% 17.892±0.412 7.668±0.144 0.171±0.002 0.032
70-80% 17.329±0.358 7.431±0.113 0.161±0.002 0.021
5NA
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FIG. 4. T values a function of NA. The empty squares repre-
sent the T values returned from the fits on the spectra. The
grey curve band shows the prediction in Eq (12).
Another consequence of the geometrical scaling is to
predict the dependence of the charged-particle density
per participating nucleon pair, (dNch/dη)/NA, on NA.
As described in section II, when the pT spectra at dif-
ferent centralities are presented in terms of p′T, they fall
into the same curve F (p′T),
1
NA
d2Nch
2pipTdpTdη
= F (p′T). (13)
In order to determine the dependence of (dNch/dη)/NA
on NA, we have to do the integration of 2pipTdpT on both
sides of Eq. (13),
1
NA
dNch
dη
= 2pi
∫
F (p′T)pTdpT. (14)
Since p′T = pT(191.5/NA)
1/(3λ+6), pTdpT =
p′Tdp
′
T(NA/191.5)
2/(3λ+6). Therefore,
1
NA
dNch
dη
= 2pi
∫
F (p′T)p
′
Tdp
′
T(
NA
191.5
)
2
3λ+6 , (15)
where
∫
F (p′T)p
′
Tdp
′
T is the value b we mentioned before.
In the whole pT range, 2pib is not a constant anymore, as
the geometrical scaling is violated when p′T > 1.8 GeV/c.
Since we know the value of (dNch/dη)/NA for each cen-
trality from the experiment (see the 2nd column of table
III) [20], we can calculate the corresponding 2pib with the
help of Eq. (15). They are tabulated in the 3rd column
of table III. Obviously, when taking into account the un-
certainties, 2pib is deemed to be a constant. We take this
constant as the average value of 2pib in all centralities,
8.1±0.4. As a result, the geometrical scaling predicts
that the dependence of (dNch/dη)/NA on NA is
1
NA
dNch
dη
= 8.1(
NA
191.5
)
2
3λ+6 . (16)
Fig. 5 shows the dependence of (dNch/dη)/NA on NA
from the data and prediction. The data points are are
shown as empty squares. For the prediction, we have con-
sidered the uncertainty of 2pib, 0.4. Thus it is shown as
a curve band. From this figure, we observe that the data
points and the prediction agree well within uncertainties.
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FIG. 5. The dependence of (dNch/dη)/NA on NA. The empty
squares represent data values which are taken from [20]. The
grey curve band shows the prediction of Eq. (16).
V. CONCLUSIONS
In this paper, we have shown that the pT spectra of in-
clusive charged hadrons at 0-5%, 5-10%, 10-20%, 20-30%,
30-40%, 40-50%, 50-60%, 60-70% and 70-80% centralities
exhibit geometrical scaling when they are presented in
terms of the scaling variable p′T = pT(191.5/NA)
1/(3λ+6).
This variable is addressed according the gluon saturation
mechanism. The scaling parameter λ is determined to
be 1.68 by the method of ratios. The spectra at different
centralities with p ≤ 2.1 GeV/c can be parameterized by
the single Tsallis distribution in Eq. (9), and the temper-
ature T is proportional to N
1/(3λ+6)
A , which is predicted
by the geometrical scaling. The geometrical scaling also
predicts that (dNch/dη)/NA grows as a power of NA,
N
2/(3λ+6)
A , which is confirmed by the data collected by
TABLE III. (dNch/dη)/NA and 2pib for each centrality.
Centrality (dNch/dη)/NA 2pib
0-5% 8.4±0.3 8.4±0.3
5-10% 7.9±0.3 8.1±0.3
10-20% 7.4±0.3 7.9±0.3
20-30% 7.0±0.3 8.0±0.3
30-40% 6.6±0.3 8.0±0.4
40-50% 6.1±0.3 8.0±0.4
50-60% 5.7±0.3 8.2±0.4
60-70% 5.1±0.3 8.1±0.5
70-80% 4.4±0.4 7.8±0.7
6the ALICE collaboration.
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